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Abstract. The set of Poincare series {P{m, k, N; z)}m>i spans the finite dimensional space 
of cusp forms Sk{N). In his book on automorphic forms, Iwaniec asks for all the linear 
relations between these series. Here we solve this problem using the theory of harmonic weak 
Maass forms and their interplay with classical modular forms. It turns out this problem 
is related to the question of whether there are weakly holomorphic modular forms with a 
given "principal part". 



1. Introduction and Statement of Results 
The classical Poincare series at 'oo\ P{m, k, N; z), are defined by 

(1.1) P{m,k,N-z):= Yl U{l,z)ye{mjz), 

ior m e N, k e |Z with A; > 2 and G N such that 4 | when k e \ Z. Here 
e{z) := e^^", 7(7,2) is defined in fl2lilll and := {±(^7) : n G Z}. When m = 0, 
P(0, k, N; z) is a classical Eisenstein series. For m > 1, P(m, A;, A^; z) G Sk{N), where Sk{N) 
denotes the space of cusp forms of weight k for ro(A^). 

It is well known that the collection {P{m, k, N; z)}m>i spans the space Sk{N). Beyond 
this, little is known about such Poincare series. For example, since the space Sk{N) is finite 
dimensional, there exist many relations among the Poincare series. Indeed, in his well known 
text, Iwaniec [8] states the following seemingly simple problem. 

Problem. Find all the linear relations between P{m, k, N; z). 

Remark. Iwaniec states this problem for more general multiplier systems. For simplicity we 
deal only with these classical multipliers, but the techniques here work with more general 
multipliers. 

When seeking the solution to Iwaniec's problem it is not clear what the structure of such 
relations should be. It turns out this problem is related to the question of whether there 
are weakly holomorphic modular forms with a given principal part. A weakly holomorphic 
modular form is any meromorphic modular form whose poles are supported at the cusps. 

One of the most famous examples of such a function is the j-invariant with Fourier ex- 
pansion 

(1.2) j{z) = - + 744 + 196884g + 21493760g2 + • • • , 
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where q := e{z). It is well known that all weakly holomorphic modular forms of weight 
for SL2(Zr) are polynomials in j. As a result, any weakly holomorphic modular form of 
weight for SL2(Z) is determined by the coefficients of the negative powers of g in its Fourier 
expansion. This remains true for any non-positive weight and group ro(A^). 

More precisely, the principal part at infinity of a weakly holomorphic modular form / is 
the polynomial Pj G C[g^^] such that f{z) — Pf{z) = 0(1) as y — cx). The principal part 
at other cusps is defined similarly. 

Remark. Our definition of principal part is slightly non-standard. It is perhaps more typical 
to define the principal part with the condition f{z) — Pf{z) = 0(6""^) as y — oo for some 
e > 0. The difference in definition amounts to whether or not the constant coefficient is 
included in the principal part. 

It is well known that a weakly holomorphic modular form of non-positive weight is uniquely 
determined by the collection of its principal parts at all cusps. 

It is very natural to ask whether a given principal part corresponds to a weakly holomorphic 
modular form. This question has been studied in the context of Eichler cohomology. See [9] 
for more on this perspective. The approach taken here is from the perspective of harmonic 
weak Maass forms. Consequently, we explicitly describe all of the linear relations between 
the classical cuspidal Poincare series in terms of obstructions to the existence of a weakly 
holomorphic form with zero principal part at cusps other than oo. 

Theorem 1.1. Let A; G |Z with k > 2, N E N and X be a finite set of positive integers. 



if and only if there exists a weakly holomorphic modular form of level N and weight 2 — k 
with principal part at oo equal to 



and the principal part at all other cusps is equal to 0. 

In practice, it is not difficult to implement Theorem II. 1[ To illustrate this result, we now 
completely describe the situation for modular forms of even integer weights for SL2(Zi). This 
situation is completely describable since we can write down all possible principle parts in a 
simple way. Let Es be the usual normalized Eisenstein series of weight s G 2N and A be the 
normalized Hecke eigenform of weight 12. Additionally, set Eq := 1. All weakly holomorphic 
modular forms of weight 2 — k for SL2(Z) are of the form 



for some F{x) G C[x], s G {0,4,6,8, 10, 14}, and r G N with s ~ 12r = 2 - k. In the special 
case of F{j{z)) = 1 one immediately obtains the following corollary. 

Corollary 1.2. For k a positive even integer set dk '■= dim(5'fc(l)). Then 



Then 





dk+l 
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where s = 14 — k + 12dk and T{r, s; n) is defined by 




El 



Example. Here we illustrate Corollary II .21 The space S'24(l) is a two dimensional space, and 
so there must be a linear relation between the Poincare series P(l, 24, 1; z), P{2, 24, 1; z) and 
P(3, 24, 1; z). Using exact formulas for the Fourier coefficients of these series (see Section[2]), 
we find that 

P(l, 24, 1; z) -1.00100852 • q + 132.988977 ■ + 189296.261 ■ + ■ ■ ■ 

P(2, 24, 1; z) -0.00001585 ■ q + 2.45743136 ■ + 114.854805 ■ q^ + ■ ■ ■ 

P(3, 24, 1; z) -0.00000201 ■ q + 0.01023411 ■ + 0.88465633 ■ q^ + ■ ■ ■ . 

From these numerics, we find that 

-0.000000207832 ■ P(l, 24, 1; z) + 0.00427703 ■ P(2, 24, 1; z) + P(3, 24, 1; z) - 0. 

It is difficult to make this approximation precise by using explicit Fourier expansions. How- 
ever, by Corollary 11.21 we find that this relation is dictated by the modular form Ei4/A^ 
whose g-expansion begins with 



Therefore, we then find that the two coefficients in the linear combination above are exactly 



I(z3^ = ^ -0.00000207832 ... and -(-3.i4;-2).2^3 ^4^^ 0.00427703 . . . 



Remarks and Other Consequences. 

i) We state Theorem ll.ll in terms of relations between the Poincare series at '00'. To handle 
more general combinations one needs to take a linear combination of weakly holomorphic 
modular forms with principal part specified at each cusp. 

ii) Using Theorem ll.il together with the valence formula one may deduce that P(m, k, N; z) ^ 



iii) From the proof of this theorem one may easily deduce exact formulas for the Fourier 
coefficients of non-positive weight modular forms with principal part equal to zero at all 
cusps other than 00. Such results were obtained earlier, in varying levels of generality, by 
Rademacher, Zuckerman, and others (see [TTl [T3] ). 

iv) By Theorem dH] and the paragraph preceding Corollary 1 1.21 it is clear that P(m, fc, 1; z) = 
if and only if there exists a polynomial F G C[x] with degree m — dk — 1 such that ^^+i P(j) 
has principal part equal to g~™. Since the polynomial has m — dk degrees of freedom to 
match the m coefficients of the principal part we are naturally lead to the conjecture that 
P(m, fc, 1; z) should be vanishing only when d^ = 0. 

These results come as a natural consequence of the theory of harmonic weak Maass forms 
and the interplay between harmonic weak Maass forms and classical modular forms. This 
theory has been shown to have striking applications to many areas of mathematics, including 
partitions |3j, mock theta functions [H, [2], [4], vanishing of Hecke eigenvalues |6j, to name a 
few. For more about such applications and for the history of this program see [10]. Here 
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for 1 < m < ^[SL2(Z) : To{N)]. 
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it turns out that there are nice duality theorems between nonholomorphic Maass-Poincare 
series and holomorphic Poincare series which imply the results above. 

This paper is structured as follows. In Section [2] we will recall essential facts about 
harmonic weak Maass forms. This includes a discussion of Petersson inner products, a certain 
differential operator, and explicit Fourier expansions of two families of Poincare series. In 
Section [3] we prove Theorem II. 1[ 

Acknowledgements 

to add. 

2. Background 

2.1. Harmonic weak Maass forms. Here we give facts about harmonic weak Maass forms. 
Throughout, let z = x + iy E M. = {z : lm{z) > 0}, with x,y eM.. Also, throughout suppose 
that k G We define the weight k hyperbolic Laplacian by 



For odd integers d, define Sd by 

il d^l (mod 4) 
^ ^ ^ ^'-"[z rf = 3 (mod 4)- 

Definition 2.1. A harmonic weak Maass form of weight k on 

of Nebentypus x is any smooth function / : EI — » C satisfying: 
(i) 

^,'az + h\ \{cz + dff{z) keZ 



cz + d) )(^£Y''ef'{cz + d)^f{z) kelZ\Z 



forall(;; Jjer; 

(ii) Afc/ = 0; 

(iii) There is a polynomial Gf{z) = J2n<o^^(^)l"^ ^ ^[g^"'^] such that f{z) — Gf{z) 
0(e~^^) as ?/ ^ 00 for some e > 0. Analogous conditions are required at all cusps. 

Remark. We refer to Gf as the principal part of the harmonic weak Maass form /. 

The differential operator 

plays a central role in the study of such forms. See [5] for example. It is a fact that 
(2.3) : H2-k{To{N)) ^ Sk{To{N)). 
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Here H^{N) denotes the space of weight w harmonic weak Maass forms on ro(A^). It is 
not difficult to make this more precise using Fourier expansions. In particular, every weight 
2 — k harmonic weak Maass form f{z) has a Fourier expansion of the form 

(2.4) /(r)= 4(n)g" + 5^c7(r^)^(A;-l,47^|n|l/)g^ 

nS>— oo n<0 

where T{a,x) is the incomplete Gamma- function and q := e^'"*^. A straightforward calcula- 
tion, see [3], shows that ^2-k{f) has the Fourier expansion 



(2.5) 6-fc(/) = -(47r)'=-i J2 cj{-n)n'-Y- 

n>l 

From this it is easy to see that ker(,^2-fc) = ^2-A:(^)- 

As (12. 4p suggests, f{z) naturally decomposes into two summands 

(2.6) rW:=E.»_oo4W^^ 

(2.7) f-{z) := Zn<o cj{n)T{k - 1, 47r\n\y)q^. 

We call the "holomorphic part" and /~ the "non-holomorphic part" of the harmonic weak 
Maass form /. 

Finally, we define a pairing between the spaces Mfc(iV), the space of holomorphic modular 
forms of weight k for ro(A^), and H2-k{N). For g G Mk{N) and / G i^2-fc(A^) we define 

i^dx dy 



(2.8) {gj}:=(g,^,_,{f)),= g{z) ■ i2-k{f){z)y' 

^ro(Af)\e y 

By Proposition 3.5 of [5] the pairing of g and / can be explicitly evaluated in terms of 
the Fourier coefficients of g and the principal part of /. Additionally, Theorem 1.1 of 
[5] gives that the pairing between Sk{N) and H2-k{N) / M2_i^{N) is non-degenerate, where 
H2-k{,N) is the space of weakly holomorphic modular forms of weight 2 — /c for 
ro(A^). The following is a straightforward consequence of Proposition 3.5 of [5]. 

Lemma 2.2. Let k E \1> and k > 2 and f G H2-k{,N). If f has the property that its 
principal part at each cusp is trivial, then ^2-k{f) = 0. 

2.2. Maass-Poincare Series. In this section we will describe two families of Poincare series. 
As usual, for y4 = ^ ^ ^ ^ SL2(Z) and functions / : HI ^ C, we let 

(2.9) {f\kA){z):=j{A,z)-''f{Az), 
where 



(2.10) j{A,z):-- 



\^cz + d G Z 

(i) e^Wcz + d A;g|Z\Z' 

Let m be an integer, and let (pm '■ ^ C be a function which satisfies ^Pm{y) = 0{y'^), as 
?/ ^ 0, for some a G M. With e(a) := e^™, let 

(2.11) ^l,{z) := ip^{y)e{mx). 
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Such functions are fixed by the translations Too :={±^q : n E Z}. 

Given this data, for integers > 1, we define the generic Poincare series 

(2.12) F{m,k,if^,N;z):= ^ {vl\kA){z). 

Aeroo\ro(Af) 

In this notation the classical family is given by 

P{m, k, N; z) = P(m, k, e{imy), N; z). 

We define a second family of Poincare series, the Maass-Poincare series of Hejhal (see [7]). 
Let My^^{z) be the usual M-Whittaker function. For complex s, let 

(2.13) >is(l/):=|yr^M.,g„(^)^,_i(|y|), 
and for m > 1 let ip-m{z) := M.i_k{—AiTmy). We let 

(2.14) Q(-m, k, N; z) := Jj^^^^ " H-m, 2 - k, v?-™, N; z). 

The Fourier expansions of these series are given in terms of the /-Bessel and J-Bessel 
functions, and the Kloosterman sums 



(2.15) Kk{'m,n,c) 



v(c)> 

Here v runs through the primitive residue classes modulo c, and vv = l (mod c). We have 
the following proposition (for example, see [HI [7]). 

Proposition 2.3. If k > 2 with k e \Z andm,N > 1, then Ql-m, k, N; z) G H2-k{N), 
and has a Fourier expansion of the form 

Q{-m, k, N; z) = (5+(-m, k, N; z) + Q'{-m, k, N; z), 

where 



Q-(-m, k, N; z) = _l^t^i^pjlq-^ + ^ j^. ^) . r(fc - 1, 4n\n\y)q 

^ >' n<0 

and where for negative integers n we have 

b{-m,k,N;n) = > Jk-i 

[k — 2y. n ^-^ <^ 



c 

oo 

c=0 (mod N) 



and 

oo 

Q+(-m, k, N; z) = g-™ + ^ b{-m, k, N; n)q'', 

where 

&(-m,fc,iV;0) = - ■ ^ 

^ ' oo 

c=0 (mod N) 
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and where for positive integers n we have 



. n 

oo 

c=0 (mod TV) 

Additionally, the principal part at all other cusps is constant. 

More common is the Fourier expansion for the classical Poincare series. It is given in the 
following proposition. See [8j for a proof. 

Proposition 2.4. If k e |Z, k > 2, and m, N > 1 with 4 | N when A; G |Z \ Z, then 
P{m, k, N; z) = ^„>i a(m, k, N; n)q'"-, where 

a{m,k,N;n} =2m i^—j ■ Jk-i \ )• 

^ c>0 ^ \ ^ J 

c=0 (mod N) 

Using Propositions 12.31 and 12.41 with (12. Sp and the identity 



K2-k{-m, -n, c) = Kk{m, n, c) 

we see that 

(2.16) e2-fe(g(-m, k, N; z)) = ^-^^—L_P{m, k, N; z). 

3. Proof of Theorem 11.11 

In this section we use the interplay between the non-holomorphic part and holomorphic 
part of a harmonic weak Maass form to prove Theorem II. 1[ 



Proof of Theorem ] Assume that ^mgjam-P("^5 N; z) = 0. Write 



m£l n^—oo n<0 



We have 

^k-l 

(A; -"2)1 



6-fe(/) = ^|^5^«„P(m,A;,iV;z) = -(4vr)^-^ c7(-n)n'=-^g". 



mgl n>l 



By our assumption on the sum over the Poincare series we know that (n) = for all n < 0. 
But then / G M'2_^{N). So we see that 



is the weakly holomorphic form that we desire. 

Conversely, assume that such a weakly holomorphic modular form exists. Call it /. From 
the expansion for the coefficients of Q~^{—m,k,N;z) in Proposition 12.31 we may conclude 
that / := — / + J2mei ^^^^Qi^^y k, N; z) G H2-k{N) and has principal part at each cusp 
equal to 0. By Lemma[221 = 6-fc(/) = Y.m&^rnP{,rn,k,N] z). □ 
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